This paper introduces an algorithm for calculating all discrete point symmetries of a given partial di erential equation with a known nontrivial group of Lie point symmetries. The method enables the user to determine the discrete symmetries with little more e ort than is used to nd the Lie symmetries. It is used to obtain the discrete point symmetries of Burgers' equation, the spherical Burgers' equation, and the Harry-Dym equation. The method can be extended to some types of nonlocal symmetry; we derive the quasi-local discrete symmetries of a system of PDEs from gas dynamics.
Introduction
Discrete symmetries of partial di erential equations (PDEs) are important for various reasons. For instance, to understand how a system changes its stability, one must rst know its discrete and continuous symmetries, in order to apply equivariant bifurcation theory correctly. Discrete symmetries involving charge conjugation, parity change, and time-reversal play a key rôle in quantum eld theories. Nonlocal discrete symmetries such as auto-B acklund transformations are important in the study of integrable systems. Discrete symmetries are also used to simplify the numerical computation of solutions of PDEs, and to create new exact solutions from known solutions.
Continuous groups of symmetries can be constructed systematically using Lie's method, which linearizes the determining equations that are satis ed by all symmetries 1, 5, 7, 9] . However, for discrete symmetries, no such linearization is possible. Some discrete symmetries can be found by using an appropriate ansatz 2], but this approach can only work for symmetries in a particular class; a given system may have other discrete symmetries outside that class. This paper introduces a constructive technique that uses the Lie point symmetries of a given system of PDEs to determine all of the discrete point symmetries. The method is easy to use, and can be applied to any system whose Lie point symmetries are known (and non-trivial). Most PDEs that arise from mathematical models are in this category.
The technique is based on the observation that every point symmetry yields an automorphism of the Lie algebra of Lie point symmetry generators. This results in a set of auxiliary equations that are satis ed by all point symmetries; these equations are solvable 2 P. E. Hydon by standard techniques. If the Lie algebra is non-abelian, the auxiliary equations may be considerably simpli ed before they are solved. Typically, the solution contains unknown constants or functions of integration. Substituting the solution into the original (nonlinear) determining equations, and then factoring out the known continuous symmetries, produces a list of all discrete point symmetries. The method readily extends to other types of symmetries, as is described elsewhere 3, 4].
The determining equations
Consider a given regular system of PDEs, (x; u) = 0; (2.1) that involves M dependent variables, u = fu 1 ; : : : u M g, and N independent variables, x = fx 1 ; : : : ; x N g: A di eomorphism ? : (x; u) 7 ! (x(x; u);û(x; u)) (2.2) is a point symmetry of the given system if ? maps the set of solutions to itself. This happens if (x;û) = 0 when (x; u) = 0:
3) The symmetry condition (2.3) can be split into a system of determining equations for (x;û). Typically, the determining equations are nonlinear and highly-coupled, and they cannot be solved by a direct approach. (Even for ordinary di erential equations (ODEs), the determining equations are almost always too di cult to solve. I know of only one instance in which these equations have been solved directly 8]; the authors used computer algebra to produce a di erential Gr obner basis for the determining equations of a secondorder ODE.)
Although the discrete symmetries of a given PDE cannot usually be obtained directly, the Lie point symmetries are generally easy to nd. They are of the form (2.9) Every point symmetry of the given PDE necessarily satis es (2.9) for some nonsingular matrix B = (b l i ). This system is generally easy to solve using standard techniques, so the most straightforward approach is to solve (2.9) for arbitrary B, then to check which of the solutions satis es the symmetry condition. The continuous symmetries should be factored out at any convenient stage to produce a list of discrete symmetries, no two of which are equivalent to one another under any symmetry in a one-parameter Lie group.
If L is non-abelian, some e ort may be saved by simplifying B before solving (2.9). This is done by creating as many zero entries as possible, using the constraints (2.8) and the adjoint action of the continuous symmetries. The adjoint action of the one-parameter group generated by X j on the basis fX 1 ; : : : ; X R g is described by the R R matrix A(j; ) = expf C(j)g; (2.10) 4 P. E. Hydon where
The one-parameter Lie group generated by X i is equivalent, under the group generated by X j , to the group generated bỹ X i = Ad The system (2.12) is similar to (2.7), the only di erence being that the matrix B in (2.7) has been replaced by A(j; )B. In the same way, by considering the adjoint action of the group generated byX j on the group generated byX i , we can replace B by BA(j; ). These equivalence transformations do not a ect (2.8). By using each A(j; ) in turn, one can usually factor out the continuous symmetries before solving (2.9). We shall consider equivalence under continuous symmetries with real-valued parameters; the inequivalent discrete symmetries may have a real or complex action on the variables (x; u). Each real matrix B that satis es the nonlinear constraints (2.8) corresponds to a real automorphism of the Lie algebra. By factoring out equivalent matrices using the adjoint action of the Lie symmetries, we obtain the (factor) group of inequivalent real automorphisms. We then use the symmetry condition (2.3) to determine all discrete symmetries associated with each automorphism in this group. The number of such symmetries depends upon the PDE, whereas the number of inequivalent automorphisms is determined by the Lie algebra. Consequently there may be automorphisms that are not realised as symmetries, and some automorphisms may generate more than one symmetry. for each n in turn. It is usually best to begin with any n for which X n is not in the subalgebra spanned by the commutators, because then the nonlinear terms in (3.2) vanish. that also satisfy the symmetry condition.
The system (2.9), with B as above, amounts to 2 4 X 1t X 1x X 1û X 2t X 2x X 2û X 3t X 3x X 3û where each c i is an arbitrary constant, and c 1 6 = 0. All that remains is to substitute (3.5) into the symmetry condition ut +û t +ûûx =ûxx when u t + u t + uu x = u xx :
(For the sake of brevity, the details of this straightforward calculation are omitted.) It turns out that the symmetry condition imposes the further constraints Therefore there are two classes of discrete symmetries, namely those that are equivalent to ? 1 : (t; x; u) 7 ! (t; ?x; ?u);
and those that are equivalent to (? 1 ) 2 , which is the identity. In other words, the factor group of inequivalent discrete symmetries is isomorphic to the cyclic group Z 2 , and is generated by ? 1 . In this example, most automorphisms of the Lie algebra do not generate any discrete symmetries. The automorphisms for which b 2 = 1 each generate a single discrete symmetry.
Discrete symmetries of the Harry-Dym equation and Burgers' equation
In the remainder of this paper, we use the method described above to derive the inequivalent discrete symmetries of several well-known PDEs. The details of the calculations are not presented (they may be obtained directly from the author). By substituting each of these results into the symmetry condition, we nd that the factor group of inequivalent real discrete symmetries is isomorphic to Z 2 Z 2 ; it is generated by ? 1 : (x; t; u) 7 ! (?x; ?t; u); ? 2 : (x; t; u) 7 ! (? 1 x ; t; u x 2 ):
The group of inequivalent complex discrete symmetries is the direct product of the above group with the Z 3 group generated by ? 3 : (x; t; u) 7 ! (x; t; e 2 i=3 u): The mappings ? 1 and ? 3 correspond to (4.3) with = = ?1 and = = 1 respectively, whereas ? 2 corresponds to (4.4) with = = 1. In this example, the automorphisms with = ? are not realized as point symmetries. Note that each of the discrete point symmetries generated by ? 3 corresponds to the trivial automorphism b l i = l i , so the inequivalent automorphisms with = each generate three complex symmetries.
So far, we have only seen examples in which the inequivalent discrete symmetries form either a cyclic group or a direct product of such groups. However, some PDEs have a more complicated structure. ; where is either 1 or ?1, and a is a real constant. By solving (2.9) and checking to see which of the solutions are symmetries, we obtain the following result. (The inequivalent real discrete symmetries are generated by ? 2 ; they form the cyclic group Z 4 .)
Rational symmetries, such as those generated by ? 2 in the above example, typically correspond to a Weyl re ection of an sl(2) subalgebra. For Burgers' equation, the subalgebra spanned by X 2 , X 3 , and X 5 is isomorphic to sl(2). The Harry-Dym equation (4.1) also has discrete rational symmetries associated with an sl(2) subalgebra.
Nonlocal discrete symmetries
The method can readily be extended to deal with other types of symmetry, provided that the in nitesimal generators form a Lie algebra. Consider the following system of equations from gas dynamics (see 6] for details): Note that X 1 ; : : : ; X 6 , with projected out, generate point symmetries of (5.1). They form a Lie subalgebra that is isomorphic to the direct product of three copies of the a ne algebra a(1). There are forty-eight inequivalent matrices B associated with this subalgebra. Eight of these matrices are diagonal, each one corresponding to a local discrete symmetry of the system. The other forty matrices involve nontrivial permutations of the a(1) subalgebras, and do not generate symmetries of the system.
To nd the discrete quasi-local symmetries of (5.1), rst calculate the automorphisms of the eight-dimensional Lie algebra L. Then use the symmetry condition for the extended system (5.1), (5.2) , to obtain all inequivalent discrete symmetries by the usual method. These quasi-local discrete symmetries form a group of order 16, which is generated by The eight inequivalent discrete local point symmetries are generated by ? 2 1 , ? 2 , and ? 3 . As in the previous examples, there is an sl(2) subalgebra, which gives rise to the rational symmetries. Here the nonlocal generator X 8 is part of that subalgebra, and therefore the rational symmetries are nonlocal.
The new method can deal with a wide range of symmetries, both local and nonlocal. These include auto-B acklund transformations and equivalence transformations. These applications will be described elsewhere.
